V. G. VOVK
ON A CRITERION OF RANDOMNESS

(Communicated by Academician A. N. Kolmogorov, 25.01.1986)

This work belongs to algorithmic information theory (see [1]). Theorem 1
shows that if some sequence is random with respect to two computable measures
P and @ simultaneously, then these measures asymptotically agree in their
forecasts of the behaviour of this sequence. It turns out that in these terms one
can give a criterion of randomness with respect to a computable measure @ of
a sequence random with respect to a computable measure P (Theorem 3).

1. In this section we will give the main definitions and state some known
results of algorithmic information theory in a convenient for us form (a more
complete exposition can be found in the survey [2]).

Let X be an arbitrary ensemble in the sense of [3] (in a different terminology,
a space of constructive objects), fixed until the end of this note!. Denote by
X the set of all infinite sequences w = wowjiws ... of elements of the ensemble
X, and by X* the set of all finite sequences a = aga; . ..a,—1 of elements of the
ensemble X; A € X* is the empty sequence. For w € X°°, we denote by w” the
sequence wows . . . wp_1 from X*,

A function P : X* — [0,+o0] is called a semimeasure if P(A) = 1 and
P(a) > 3 ,cx Plax) for all a € X* (by ax we denote the sequence obtained
from a by adding another term z). The semimeasure P is called a measure if
P(a) =) ,cx Plaz) for all a € X*.

We will consider recursively enumerable (r.e.) semimeasures, i.e., semimea-
sures for which the set {(r,a) |r € Q,a € X*,r < P(a)} is r.e. (Q is the set of
all rational numbers). A computable semimeasure is an r.e. semimeasure such
that the set {(r,a) |7 € Q,a € X*,r >3 _y P(ax)} is also r.e. and the set
{a € X* | P(a) = 0} is decidable. If P is a computable semimeasure, there is
an algorithm that computes P(a) and ) _y P(az) for any a € X* with any
degree of accuracy.

There exists an r.e. semimeasure M such that, for any r.e. semimeasure P,
P(a) = M(a)-O(1), a € X*. Let us fix one of such semimeasures M—Ilet us
call it the a priori semimeasure—and fix the notation M for it.

A sequence w € X is called random in the sense of Martin-Léf (in what
follows the words “in the sense of Martin-L6f” will be omitted) with respect
to an r.e. semimeasure P if M(w™) = P(w™) - O(1). In the case when P is a
computable measure, this definition is equivalent to the original, very natural,
definition given by Martin-Lof. Martin-Lof’s definition requires that w should
satisfy all “efficient” (in a certain exact sense) laws of probability theory.

If P is an r.e. semimeasure and a € X*, we call the value In(M(a)/P(a))
the randomness deficiency of the sequence a with respect to P and denote it
d(a|P). fw € X°°, the rate of growth of d(w™|P) as n — oo reflects the “degree

IExamples of ensembles: the set of all natural numbers, the set of all finite binary sequences.
One can also take the set {0,1} as X.



of non-randomness” of w with respect to P. The randomness of w € X with
respect to P is equivalent to d(w™ | P) = O(1).

2. A probability distribution is a function p : X — [0,4+o00[ such that
Y owexP(@) < 1. If p and g are probability distributions, the Hellinger dis-

2
tance p(q,p) between p and q is defined as ) (\/q(x) - \/p(x)) , and the

x?-distance, which we will denote ps(q,p), as® >, (¢(z) — p(x))? /q(z) (see
[4, p. 194]). A probability distribution p is proper if 3 _ p(x) = 1.

The ratio P(ax)/P(a), where a € X* and z € X, will be denoted P(z | a).
Let P be a semimeasure and w € X*°. By P we will denote the probability
distribution such that P¥(z) = P(z | w™) for all z € X. If P is a measure and
P(w™) # 0, the probability distribution P¥ is proper.

Theorem 1. Let P and Q be computable semimeasures such that @) is a mea-
sure, and w € X*°. Then

n—1
> p(QF, PP)—dw" | P) = O(1) < d(w" | Q)
=0

n—1

< 37 (@Y, PP) + 2d(" | P) + O(L).

i=0

Proof. (a) Lower bound. Define an r.e. semimeasure R by

Pz ]a)Q(z|a)
Yyex VP a)Qy a)

where x € X and a € X*. Being an r.e. semimeasure, R satisfies

R(z|a) =

R(w™) = @ 1P p(w™) - O(1).

Without loss of generality we suppose P(w") # 0 and Q(w™) # 0, Vn.
Writing P(w") as [[—, P(wi | w'), Rw") as [[/=y R(w; | @), and R(w; | w?)
according to its definition, after cancellation we obtain

n—1 . i
\/Q(wz |w')/Pwi|w?) = dW"IP) L 01
g) yeX \/P(y|uﬂ)Q(y‘wz) (1).

Noticing that T[], \/Q(w; |w?)/P(w; [wi) = e(@d@"IP)=d@"1@)/2 and taking
logarithms of both sides, it is easy to obtain

n—1
dw" |P)+d@" Q) > -2 In| > Py|w)Qy|w) | —O().

i=0 yeX

2We set % =0 (and also 2 :=0).



The statement we are proving now follows from

21n<z VP(y|w)Q y|uﬂ)><21n<1—;Z( P(y | wt)

yeX yeX

Q| wi>)2> <= (VPGTo - VaGTa))

yeX

(b) Upper bound. Let R be a semimeasure such that

P( P?(

R@#0 — Rl = o [y S0
(z]a) Qy | a)

yeX

for all z € X, a € X*. Analogously to part (a) we obtain

n n Py |w)
A" | Q) — 2d(w" | P) < 21 )AL

- Qy|w')

yeX
After this it suffices to notice that

ylw Qy|w")?
IZQy|w <In 1+Z

7
yeX yeX y | w )

< 3o Pl -0l -

= y\wl)

It is easy to see that the assumption that @) is a measure was used only in
the proof of the upper bound.

Theorem 1 shows that if a sequence w is random with respect to a computable
measure P and a computable measure Q is chosen so that d(w" | Q) = o(n),
then the “mean Hellinger distance” 1 377" p( Y, P¥) — 0.

Theorem 2. Let P and Q be computable semimeasures, and let w € X be
random with respect to both P and Q. Then

n—1 i 2

Plw; | w*
> (ot -1) <.
=\ Qwi |w')
Proof. Define a computable semimeasure R by the formula
P(zla)+Q(z|a)

2

for all x € X, a € X*. The condition of the theorem immediately implies

n—1 n—1
I1 R@wile) =] Plwile’) -0,
=0 =0
1:[ R(w; |w") = 1:[ Qw; |w") - O(1).
i=0 =0

R(z|a)=




Writing out R(w; |w?) according to its definition, we can obtain

H 1+ Q(wi | w')/P(wi | w*)

11 > - o),
i Lt Plos |£/Qur 1) _ )

Multiplying, we obtain

"oy Plw; | Wi Qw; | w?) + Q(w; | W) /P(w; | W'
H(\)/(|)(|)/(|)

/ = 0(1).

=0

Notice that each term of this product is > 1. This immediately implies P(w; |
w")/Q(w; | w') — 1 as i — co. The natural logarithm of the typical term of the
product is, asymptotically,

which immediately implies the conclusion of the theorem. O

3. From Theorems 1 and 2 we will deduce the following criterion of random-
ness.

Theorem 3. Let P and @ be computable semimeasures such that QQ is a mea-
sure, w € X be random with respect to P, and Q(w™) # 0, Vn. Then

[ee]
w 1s random with respect to Q < Zp(P{", Q¥) < o0.
i=0

Proof. Theorem 1 implies that

|
—

n

p(P,Q2) — O(1) < d(w" | Q) < Zm 2 P#) 4+ O(1).

Il
=]

i

The implication “==" is obvious. Let us prove “<=". Choose some computable
family {A(a)|a € X*} of subsets of the set X such that P(z|a)/Q(z]a) > 2 for
x € A(a) and P(z | a)/Q(x |a) < 3 for x ¢ A(a). Define a computable measure
Q@ by the requirement that

. P(z|a)/2 if z € A(a),
Q(z | a) {Q(a:|a)'0(@) if x ¢ A(a),

for allz € X and a € X* such that Q(a) # 0, where the function C': X* — ]0, 1]
is chosen so that @ can indeed be a measure. Using the function C' we define a



semimeasure P by the equality P(x|a) = P(x|a)-C(a), Vo € X,a € X*. We will
consecutively prove that w is random with respect to P, with respect to @), and,

finally, with respect to Q. The proof will use the fact that p(p, ¢), where p and

(p(z)—q(x))?

q are probability distributions, is within a constant factor of ) __ P @Va(@)

(the symbol V denotes the maximum of two numbers).
In order to prove the randomness of w with respect to P it suffices to prove
that [];2, C(w") > 0. Let us use the convergence of the series

Py|w') - Qy |w"))?
ZZ P(y|w’) \/Q(ylwﬁ '

=0 ye X

Of course, the convergence will not be affected if 3 ¢ - is replaced by 3° o 4 (,i)-
Therefore, >, P(A(w') |w") < co (here we have used the notation R(B |a) =
> yep R(y | a), where R is a semimeasure, B C X, a € X*). It remains to
notice that C'(w?) > 1 — P(A(w?) |w?)/2, and so —In C(w?) = O(P(A(w?) | w?)).
Therefore, w is random with respect to P.

The already established convergence of the series Y >~ P(A(w') | ') im-
plies the convergence of Y 2 po (@Q;,P). In conjunction with Theorem 1 this
implies that w is random with respect to Q.

To prove the randomness of w with respect to @ it suffices to prove that
wn, € A(w™) only finitely often. If w, € A(w™) were true for infinitely many n,
we would have Q(w, | w™) = P(w, | w™)/2 for infinitely many n, which would
contradict Theorem 2. O

A related result—a criterion of absolute continuity and singularity of prob-
ability measures in “predictable” terms—has been obtained in probability the-
ory ([5]; see also [6, p. 516, Theorem 4]). In the case of the probability space
(X,P(X))>, where P(X) is the set of all subsets of the set X, it is a simple
corollary of our criterion of randomness.
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Remarks by Volodya Vovk (6 April 2008)
This paper was published as



B. . Boek. OG6 omsom kpurepuu ciaydaiinoctu. Jlokiaamn
Axanemun Hayrk CCCP, 294(6):1298-1302, 1987.

Another English translation (I have never seen it) appeared as

V. G. Vovk. On a randomness criterion. Soviet Mathematics Dok-
lady, 35(3):656-660, 1987.

In my translation I corrected one misprint. These are English translations of
references [1]-[6]:

1. A. N. Kolmogorov. Three approaches to the quantitative definition of
information. Problems of Information Transmission, 1:1-7, 1965. See
also Kolmogorov’s Collected Papers.

2. V. V. V’yugin. Algorithmic entropy (complexity) of finite objects and its
applications to defining randomness and amount of information. Selecta
Mathematica Sovietica, 13:357-389, 1994.

3. There exists an English translation of [3], but it has been superseded by
the English translation of a Russian book extending [3]: V. A. Uspensky
and A. L. Semenov. Algorithms: Main Ideas and Applications. Norwell,
MA: Kluwer Academic Publishers, 1993.

4. A. A. Borovkov. Mathematical Statistics. Amsterdam: Gordon and
Breach Science Publishers, 1998. Page 194 of the Russian original cor-
responds to page 177 of the translation.

5. Yu. M. Kabanov, R. Sh. Liptser, and A. N. Shiryaev. To the question of
absolute continuity and singularity of probability measures. Mathematics
of the USSR—Sbornik, 33:203—-221, 1977.

6. A. N. Shiryaev. Probability. Second edition. New York: Springer, 1996.
The theorem mentioned in the paper is Theorem 4 on p. 528 of the trans-
lation (Chapter VII, §6).



